On the functional equation A(x, B(x, y)) = y in the variety of groupoids

Smile Markovski^�, Ana Sokolova^�, Lidija Goračinova Ilieva+

Dedicated to Professor Slaviša B. Prešić, in occasion of his 65th anniversary

�Faculty of Sciences and Mathematics, Institute of Informatics, p.f.162 Skopje, Republic of Macedonia e-mail: {smile,anas}@pmf.ukim.edu.mk +Pedagogical Faculty Štip, Republic of Macedonia e-mail: fildim@focus.net.mk

Abstract

In this paper we focus on finding general solutions of the functional equation A(x, B(x, y)) = y in the class of groupoids where A, B are unknown groupoid operations over the same set. We also consider functional equations symmetric to the mentioned one, as well as systems of such functional equations.

AMS mathematics subject classification (2000): 20N02, 20N05 Key words: functional equation, (left, right zero) groupoid, (left, right) quasigroup

1 Preliminaries

In what follows we present description of the general solutions of the functional equation A(x, B(x, y)) = y, as well as symmetric ones: A(B(x, y), x) = y, A(x, B(y, x)) = y, A(B(x, y), x) = y, where A and B are unknown groupoid operations over a same set. We characterize the solutions in the class of finite groupoids and in the class of all groupoids.

The main motivation to consider such functional equations arose from the groupoid identity A(x, A(x, y)) = y [5]. Clearly, if this identity holds in a groupoid, then the pair (A, A) is a solution to our equation, where A denotes the operation of the groupoid. Further back, consideration of such an identity was motivated by the fact that groupoids that satisfy it have orthogonal complements which are right zero (or left unit) groupoids. So, we thought that finding the general solutions of these functional equations might be of interest.

In the sequel we frequently use the following notions.

A right zero groupoid is a groupoid satisfying the law xy = y. Every right zero groupoid is a semigroup where each element is a right zero and a left unit.

A groupoid (G; A) is said to be left (right) cancellative groupoid if A(x, y) = A(x, z) =⇒ y = z (A(y, x) = A(z, x) =⇒ y = z) for all x, y, z ∈ G. A groupoid that is both left and right cancellative will be called cancellative.

(G; A) is called left (right) solvable groupoid if the equation A(x, a) = b (A(a, y) = b) has a solution x (y), for every a, b ∈ G. If (G; A) is both left and right solvable then it is solvable.

(G; A) is said to be left (right) quasigroup if it is left (right) solvable and right (left) cancellative. The solution x (y) of the equation A(x, a) = b (A(a, y) = b) in a left (right) quasigroup is unique, and vice versa.

(G; A) is a guasigroup if it is left and right quasigroup. Sometimes we shall call the operation A (left, right) cancellative, solvable, quasigroup if the groupoid (G; A) has the mentioned property.

The following simple facts hold.

Proposition 1

(i) Every finite left (right) cancellative groupoid is a right (left) quasigroup.

(ii) Every finite left (right) solvable groupoid is left (right) quasigroup. � If (G; A) is a quasigroup, then the quasigroup operations A�^1, �^1A, A�, defined on G by A�^1(x, z) = y, �^1A(z, y) = x, A�(y, x) = z if A(x, y) = z, are called parastrophes (or conjugates) of A. If (G; A) is left (right) quasigroup then (G; A�) is right (left) quasigroup, the left parastrophe �^1A (the right parastrophe A�^1) is defined and (G;�^1A) ((G; A�^1)) is left (right) quasigroup as well.

2 Functional equation A(x, B(x, y)) = y in the variety of groupoids

We focus our attention on the functional equation A(x, B(x, y)) = y where A and B are unknown groupoid operations on a same set. Proposition 2 If A(x, B(x, y)) = y is satisfied by some groupoid operations A and B then:

(i) B is left cancellative. (ii) B(x, y) = z =⇒ A(x, z) = y. (iii) A is right solvable. (iv) A(x, z) = y ∧ B(x, y) = t =⇒ A(x, z) = A(x, t) = y. (v) If B is right solvable, then A is right quasigroup. (vi) If A is left cancellative, then B is right quasigroup.

(vii) A is right quasigroup if and only if B is right quasigroup, and when A and B are right quasigroups then B(x, y) = z ⇐⇒ A(x, z) = y i.e. A = B�^1 (B = A�^1).

Proof (i), (ii) and (iii) are obvious.

(iv) When A(x, z) = y and B(x, y) = t we have A(x, t) = A(x, B(x, y)) = y = A(x, z). (v) Let A(x, z) = A(x, t). There exist y_1, y_2 such that B(x, y_1) = z, B(x, y_2) = t and we have y_1 = A(x, B(x, y_1)) = A(x, z) = A(x, t) = A(x, B(x, y_2)) = y_2, hence z = t. By (iii), A is right quasigroup.

(vi) Let A be left cancellative. By (i), it is enough to prove that B is right solvable. Let x, z be given and A(x, z) = y, B(x, y) = t. Then by (iv) we have A(x, z) = A(x, t) = y and hence z = t. So, B(x, y) = z.

(vii) The first part is a consequence of (i), (iii), (v) and (vi). Let A and B be right quasigroups. B(x, y) = z =⇒ A(x, z) = y holds by (ii). Let A(x, z) = y and B(x, y) = t. Then A(x, t) = y = A(x, z) by (iv), hence z = t. �

Theorem 1 The solution of the equation A(x, B(x, y)) = y over the class of all finite groupoids consists of arbitrary mutually right-inverse right quasigroups i.e. right quasigroups satisfying A = B�^1.

Proof If A and B form a solution of the equation and are over a finite set then, by Proposition 2(i), B is left cancellative, and the statement follows by Proposition 1(i) and Proposition 2(vii). On the other hand, if A and B are mutually right-inverse right quasigroups and if B(x, y) = z, then A(x, z) = y i.e. A and B form a solution of the equation. �

Example 1 The following operations A and B defined on the set N of positive integers by: A(x, y) = div(x, y) = hy x i , B(x, y) = xy are solutions of the functional equation. Namely, A(x, B(x, y)) = div(x, xy) = y. Note that A is neither left nor right cancellative and B is neither left nor right solvable.

Theorem 2 The solution of the functional equation A(x, B(x, y)) = y over the class of all groupoid operations consists of any left cancellative operation B and a corresponding right solvable operation A that satisfies the condition B(x, y) = z =⇒ A(x, z) = y.

Proof If A and B form a solution then it satisfies the conditions by Propositions 2 (i), (ii), (iii). The other direction of the statement follows directly from the assumptions. �

In the special case of the equation A(x, A(x, y)) = y we get that the solution is a right quasigroup that is self-right-inverse.

Out of symmetry similar results hold for the functional equations A(x, B(y, x)) = y, A(B(x, y), x) = y, A(B(y, x), x) = y. So, we have the following properties.

Theorem 3 The solution of the functional equation A(x, B(y, x)) = y over the class of all groupoids consists of a right cancellative operation B and a right solvable operation A satisfying the condition B(y, x) = z =⇒ A(x, z) = y. In the finite case, the solution consists of a right quasigroup A and a left quasigroup B satisfying A = (�^1B)�. �

Theorem 4 The solution of the functional equation A(B(y, x), x) = y over the class of all groupoids consists of a right cancellative operation B and a left solvable operation A satisfying the condition B(y, x) = z =⇒ A(z, x) = y. In the finite case, the solution consists of arbitrary finite mutually left-inverse left quasigroups i.e. left quasigroups satisfying A = �^1B. �

Theorem 5 The solution of the functional equation A(B(x, y), x) = y over the class of all groupoids consists of a left cancellative operation B and a left solvable operation A satisfying the condition B(x, y) = z =⇒ A(z, x) = y. In the finite case, the solution consists of a right quasigroup B and a left quasigroup A satisfying A = (B�^1)�. �

3 Systems of equations

Here we note some consequences of the results in previous section, considering systems of functional equations consisting of pairs of equations of the mentioned types.

By Theorem 2 we get the following theorem.

Theorem 6 The solution of the system of functional equations A(x, B(x, y)) = y, B(x, A(x, y)) = y over the class of all groupoids consists of right quasigroups A and B satisfying the condition A = B�^1. �

Theorem 7 The solution of the system of functional equations A(x, B(y, x)) = y, B(x, A(y, x)) = y over the class of all groupoids consists of quasigroups A and B such that A = B, A�^1 = �^1A. �

Proof If A and B are solutions then, by Theorem 3, we have that they are both right solvable and right cancellative. Then also B(y, x) = z =⇒ A(x, z) = y =⇒ B(z, y) = x =⇒ A(y, x) = z =⇒ B(x, z) = y. Hence, A = B and A(x, y_1) = A(x, y_2) = z =⇒ y_1 = A(x, z) = y_2, i.e. A is right quasigroup. Moreover, x = A(a, b) is the solution of the equation A(x, a) = b, therefore A is left quasigroup, i.e. A is quasigroup. By A(z, y) = x ⇐⇒ A(y, x) = z we have A�^1 = �^1A. Hence, A and B are quasigroups such that A = B, A�^1 = �^1A. �

The next two theorems are obtained in the same manner as above.

Theorem 8 The solution of the system of functional equations A(B(y, x), x) = y, B(A(y, x), x) = y over the class of all groupoids consists of left quasigroups A and B satisfying A = �^1B. � Theorem 9 The solution of the system of functional equations A(B(x, y), x) = y, B(A(x, y), x) = y over the class of all groupoids consists of quasigroups A and B satisfying the conditions A = B, �^1A = A�^1. �

References

[1] V. D. Belousov: Osnovi teorii kvazigrupp i lup, Nauka, Moscow, 1967 [2] R. U. Bruck: A Survey of Binary Systems, Berlin - Götingen - Heidelberg, 1958 [3] J. Denes, A.D.Keedwell: Latin Squares and their Applications, English Univ. Press Ltd., London, 1974 [4] A. Krapež: Generalized Balanced Functional Equations on n-ary groupoids, Proceedings of the Symposium n-ary structures, Skopje, 1982 [5] S. Markovski, A. Sokolova, L. Goračinova: On the groupoids with the identity x(xy) = y (to be printed) [6] R. N. McKenzie, W. F. Taylor, G. F. McNulty: Algebras, Lattices, Varieties I, Wadsworth & Brooks, Monterey, California, 1987 [7] S. B. Presić: A general solving method for one class of functional equations, Proceedings of the symposium n-ary structures, Skopje, 1982