Derivations / Reasoning



Limitations of proofs by
calculation

Proofs by calculation are formal and well-structured, but
often undirected and not particularly intuitive.

P A (PvQ) = (PVF) A(PVQ)
= Pv(F AQ)
=PvVvF

we can prove this

more intuitively by

va ,
=P reasoning
N y

Conclusions

[ PA(PVQ)ZP PA(PVQ) & P2T ]




An example of a mathematical
proof

If x2 is even, then x is even (x € 7). —

" —

If x is odd than
The
and 2y y € /.




Exposing logical structure

Proof Let xe 7

If x2 is even, then x is even (x € 7).

2

Assume X“ is even.

Assume that x is odd.

Then x = 2y+| for some y € Z.

Then x> = 2y+1)2 =4y + 4y + | =
2(2y? + 2y) + | and 2y? + 2y € Z.

So, x2 is odd

a contradiction.
So, X is even

Thanks to Bas Luttik



Single inference rule

Q is a correct conclusion from n premises Py, .., P,

iff |
(PiA P2 A...A Py) EQ

val

If n=0,then Pi AP A... AP=T
Note that T = Q means that QV;I T Q holds

unconditionally




Derivation

a formal system

based on the single
Q is a correct conclusion from n premises Py, .., P, inference rule

iff » for proofs that closely
(PIAP2 ALLAPY)EQ follow our

Intuitive reasoning

Two types of inference rules:
(particularly useful)

elimination rules instances of the single
inference rule

introduction rules



Conjunction elimination

How do we use a conjunction in a proof?

~

-
|11
(k) PAQ
1]
{r-elim on (K))
L (m) P

J

(k < m)

e
[|1]
(k) PAQ
[|]]
{An-elim on (k)}
m) Q
Nl y
(k < m)



Implication elimination

How do we use an implication in a proof? P=Q &'
(k) P=Q
[ 1]
O P

[1]]
{=-elim on (k) and (l)}

\(m) Q Y,

(k <m, | <m)




Conjunction introduction

How do we prove a conjunction!?

4 N

(k) P
) Q

{/;.-i.ntro on (k) and (1)}

(m) PAQ
o /

(k <m, | <m)




Implication introduction

How do we prove an implication!?

-

o

{A.\.s.sume}
(k) | P
(-Hl Q

{=-intro on (k) and (I-1)}
() P=Q

J

truly new
and
necessary for

reasoning with
hypothesis




Negation introduction

How do we prove a negation!?

4 )
{Assume}
(k) | P
(I-1)] F
{=-intro on (k) and (I-1)}
() -P

o J




Negation elimination

How do we use a negation in a proof?

4 )
1]

(k) P
[1]]

) P

[1]]
{=-elim on (k) and (l)}
(m) F
- /

(k <m, | <m)




F introduction

How do we prove F?

4 )
(k) P
) P
{i:.-.intro on (k) and ()}
(m) F
- /

(k <m, | <m)




F elimination

How do we use F in a proof?

it’s very useful!

/ \ val
Inl

(k) F

{F-elim on (k)}
(m) P

o J

(k < m)




Double negation introduction

How do we prove =1/

4 N
(k) P
{.-.l.-l-intro on (k)}
(m) =P
NG J

(k < m)



Double negation elimination

How do we use =171 in a proof?

4 )
Inl

(g =P

{7—-elim on (k)}
(m) P

o J

(k < m)




Proof by contradiction

Let xe 7

If x2 is even, then x is even (x € 7).

Proof

2

Assume X“ is even.

Assume that x is odd.

Then x = 2y+| for some y € Z.

Then x> = 2y+1)2 =4y + 4y + | =
2(2y? + 2y) + | and 2y? + 2y € Z.

So, x2 is odd

a contradiction.
So, X is even

Thanks to Bas Luttik



Proof by contradiction

How do we prove P by a contradiction?

<P = F ¥ -=P &P

4 )
{Assume}
(k) | P
(I-1)| F
{=-intro on (k) and (I-1)}
() --P
{=—-elim on (1)}
(I+1) P
- /

(k < m)



Disjunction introduction

How do we prove a disjunction?

o

e
{A.\.s.sume}
(k) | =P
(-l Q
{v-intro on (k) and (I-1)}
() PvQ

J

“P=Q £ PvQ

Q=P E PvQ




Disjunction introduction

How do we prove a disjunction?

o

e
{A.\.s.sume}
(k) | ~Q
(I-1)] P
{v-intro on (k) and (I-1)}
() PvQ

J

“P=Q £ PvQ

Q=P E PvQ




Disjunction elimination

How do we use a disjunction in a proof? Pv QE-P=Q

4 I PvQH-Q=P
Inl
(k) PvQ

{v-elim on (k)}
(m) —=P=Q

o J

(k < m)




Disjunction elimination

How do we use a disjunction in a proof? Pv QE-P=Q

4 I PvQH-Q=P
Inl
(k) PvQ

{v-elim on (k)}
(m) Q=P

o J

(k < m)




Proof by case distinction

How do we prove R by a case distinction?

ar (PvQ)A(P=R)A(Q=R) E'R
9 PvQ
Il
() P=R
I
(m) Q=R

{case-dist on (k), (I), (m)}
(n) R

o J

(k < n,I< n,m<n)




Bi-implication introduction

How do we prove a bi-implication? (P=Q)A(Q=P) ¥ P&Q
/

(k) P=Q

() Q=P

{(o:;;intro on (k) and (1)}

k(m) P=Q Y

(k <m,| <m)




Bi-implication elimination

How do we use a bi-implication in a proof?

: [ 1]
(k) P=Q
1]
{&-elim on (k)}
\ (m) P=Q

J

(k < m)

P=Q E (P=Q)A(Q=P)
: 1]
(k) PeQ
[|]]
{&-elim on (k)}
\_ (m) Q=P Y,

(k < m)



Derivations / Reasoning
with quantifiers



Proving a universal
quantification

VX[X € Z A x =2 :x% - 2x =20]

Proof Let xe Z be arbitrary and assume that x=2.

Then, for this particular x, it holds that
x? - 2x = x(x-2) =0 (Why?)

Conclusion: Vx[x € Z A x =2 :x? - 2x =0].



VY introduction

similar to
How do we prove a universal quantification? =-intro
with
/ \ generatin.g
hypothesis

{A.\.s.sume}
(k) | var x; P(x)

(-l Q(x)
{v-intro on (k) and (I-1)}

() vx[P(x) : Q(x)]
- /




Using a universal quantification

VX[x € Z A x 22 :x?-2x =0]

(

\_

N
Whenever we encounter an a € Z such that a=2,
we can conclude that a2 - 2a >0.
For example, (523872 - 2-52387) =0
since 52387 € /Z and 52387 =2.
y,




Vv elimination

How do we use a universal quantification in a proof? similar to
implication
/ \ but we need

[ ]] a witness

(k) vx[P(x) : Q(x)]
[|]]
()  P@)
[ 1]
{v-elim on (k) and (I)}
\_(m) Q) Y

(k <m,| <m)




J introduction

: : DT .
How do we prove an existential quantification? — WX[P(x):"Q(x)] i

3x [P(x) : Q(x)]

4 N

{Assume}

(k) | ¥x[P(x) :7Q(x)]

(I-1)| F

{3-intro on (k) and (I-1)}
() 3x[P(x) : Q(x)]

o J




3 elimination

How do we use an existential quantification in a proof? % [P(x) : Q(x)] &

Cn N

™ VX[P(x):7Q(x)]

(k) 3x [P(x) : Q(x)]
1]
() vx[P(x): =Q(x)]

[ ]]
{3-elim on (k) and (I)}

™ F Y

(k <m,l <m)




Proofs with 3-introduction and 3-

elimination are unnecessarily long and
cumbersome...



Proving an existential
quantification

Proof It suffices to find a witness, i.e., an xe Z satisfying

AX[x € Z :x3 - 2x - 8 =0]

x3 -2x - 8 >0.

X = 3 is a witness,since 3 e€Zand3°-2-3-8=13 >0

Conclusion: 3x[x e Z :x3 - 2x - 8 =0].



Alternative 3 introduction

How do we prove an existential quantification?

by finding

/ \ a withess

(k) P(@)
) Q@)

{E.Iﬂz-.intro on (k) and (1)}
(m)  3x [P(x) : Q(x)]
o /

(k <m,l <m)




Using an existential
quantification

xR a:x<0<b-

(

N
We can declare an x € Z (a witness) such that
a-x<0<b-x
and use it further in the proof. For example:
From a - x <0, we get a < x.
From b - x > 0, we get x < b.
Hence,a <b. )




Alternative 3 elimination

How do we use an existential quantification in a proof?

-~

o

(k)

(m)

1]
3x [P(x) : Q(x)]

{3+-elim on (k)}

~

Pick x with P(x) and Q(x)

/

(k < m)

we pick a witness

X must be new!



